Introduction
In this paper, we study the effective permittivity eff and permeability eff , of a dielectric substrate (host) with microscale metallic inclusions. Our aim is to increase the effective permittivity (dielectric constant) for dielectric materials. The wavelength in high eff materials is reduced and therefore, the electromagnetic devices (e.g., antennas) can be miniaturized. 1, 2 Recent studies find that small metallic inclusions in a dielectric host can offer a high effective permittivity. [3] [4] [5] In general, the permittivity of a host is selected to be as small as possible in the design. The host with low permittivity could reduce the wave reflections at the interface between the air and substrate, 6 and this could improve the efficiency of the devices. 1, 6 The dielectric substrate can be sub-divided into many cubic unit cells (basic building blocks) (Fig. 1) . Each inclusion is situated at the center of each unit cell (Fig. 2) . It is assumed that all inclusions are parallel to each other, and are not randomly located. [7] [8] [9] [10] Typically, the volume ratio of an inclusion to a unit cell (volume fraction) is one of the key factors, which determines the effective permittivity of the mixture. [3] [4] [5] [8] [9] [10] The range of frequency is also important to the value of effective permittivity, [3] [4] [5] and we focus on the 10 GigaHertz range in our case. [3] [4] [5] 10 The inclusion shape also plays an important role to the values of effective permittivity and permeability. Several studies on isotropic geometries can be found in literature. [3] [4] [5] 10 For example, existing theories (i.e., the extended Maxwell-Garnett formula 10 ) describe the metallic spherical inclusions for dielectric mixtures very well, and is approximated by
where H is the permittivity of the host substrate, and V r is the volume fraction. [11] [12] [13] [14] [15] Needless to say, it is not a simple task for calculating the values of effective permittivity with anisotropic inclusions, [16] [17] [18] [19] [20] [21] [22] [23] [24] and the effective permittivity varies from different orientations of inclusions.
The cuboid (square shape with a finite thickness) metallic inclusions have been analyzed in our studies. However, the values of relative eff and eff have been controlled, by choosing suitable orientations and dimensions of the inclusions. We will also discuss how the polarization and eddy current are associated with eff and eff , respectively, in an applied electromagnetic field, with respect to the three principal orientations using classical theory. [25] [26] [27] 2. Theory and Methodology
Frequency range
In this numerical study, the domain host is made up of many cubic unit cells, and the sides of the cubic cell are 10 À4 m. The incident wave is taken to be a plane wave, and it propagates through the substrate along the x-axis (where the electric E field is parallel to the z-axis, and the magnetic H field to the y-axis). The wavelength , must be at least, 10 times larger than the side of the cubic unit cell L, > 10L. 26 The large minimizes the reflection and scattering from inclusions. 25, 26 Given the size of , the frequency limit is $ 10 11 Hz, and this work is confined to the range 1-50 GHz. The skin depth of silver is approximated 10 À6 m at 10 GHz, 27 and this scale is much smaller than the size of the unit cell of the substrate (10 À4 m). Therefore, the loss tangents (complex parts) of the eff and eff of the overall substrate, are theoretically small. 28, 29 Generally speaking, the size of the inclusions, unit cell and frequency range can be rescaled according to the above constraints.
Inclusion material and volume fraction
The choice of material is crucial to the values of relative eff and eff . In this study, the host substrate is chosen to be a pure dielectric (e.g., polymers), while the metallic inclusions are made of silver (Ag). The conductivity, relative permittivity and permeability, of the host substrate are ð H ; H ; H Þ ¼ ð0; 1:5; 1Þ; while the conductivity and relative permittivity for silver inclusions are ð I ; I Þ ¼ ð6:1 Â 10 7 S=m; 1Þ. The cuboid (anisotropic shape) inclusions, considered in this paper, have length l (parallel to y-axis), height h (parallel to z-axis) and thickness w (parallel to x-axis). We further set the dimension of length l and height h are equal (h ¼ l) for simplicity, and
The shape of this cuboid looks like a square layer, with a finite thickness w ( Figs. 1 and 2 ). The volume fraction V r is a volume ratio of the inclusion to the unit cell, and is defined as
As mentioned before, the values of relative eff and eff are usually determined mainly by the volume fraction V r . The geometry and orientation of inclusion also play an important role for these values, and we will analyze this in later sections.
Boundary conditions
The boundary conditions of the top and bottom surfaces of the substrate (perpendicular to z-axis), are those PECs; while the left and right surfaces (perpendicular to y-axis) are set to be PMCs. [3] [4] [5] 8 These conditions effectively provide an infinite array of periodic unit cells on the y-z plane (H-E plane) (Fig. 2) . Finally, the front and back boundaries (perpendicular to x-axis) of the substrate are set to be an excited wave, and ongoing wave, respectively (Fig. 1 ). These conditions allow the scattering wave to travel freely throughout the substrate. [3] [4] [5] There are M unit cells along the propagated direction x. Practically, it is sufficient to allocate about five cells (M ¼ 5), so that eff and eff converge -for which the scattering fields between inclusions are reasonably averaged out. Therefore, five cell layers along the direction x is used in the model for simplicity.
Formula of model
The differential Drude-Maxwell model, 25, 27, 30 with electric field E, has been employed in the numerical simulation (Finite Element Methods in Comsol), and is given by
where k 0 ¼ 2= 0 is the wave vector number, and 0 is a wavelength in a free space. r and r are the relative permittivity and permeability of the corresponding material itself, whilst 0 is a free space permittivity. ! ¼ 2f is the angular frequency, and is the conductivity which is assumed to be a constant in the Drude-Maxwell model. The electric field E in (Eq. (4)) can be alternatively replaced by the magnetic field H, and they are equivalent to each other in theory. Polarization P and magnetization M are the key physical quantities to understand the eff and eff inside the system. In macroscopic view, the polarization P measures how a dielectric responds to the E field [17] [18] [19] 25, [31] [32] [33] (Fig. 3) . Its relationship can be linked by the electric susceptibility e (in tensor form),
The total displacement field D is equal to the sum of the E field and polarization P (local field); that is, [17] [18] [19] 25, 32, 33 It is also assumed that P oscillates in phase to an applied E field. P can be also associated with the electric dipole moment p in the microscopic view, P ¼ Np, where N is the number of dipole per unit volume. 25 Actually, each dielectric unit cell with a metallic inclusion can be effectively regarded as the electric dipole, and the dipole moment is
where h is the height of an inclusion with direction along the z-axis. Similar to the polarization P, magnetization M measures how a material responds to an applied magnetic field H, and is represented by,
where m is the magnetic susceptibility. The total magnetic field B in the system is sum of H and M, so that, 
Scattering parameters
In this simulation scheme, an inverse scattering procedure has been applied to evaluate the permittivity and permeability of the heterogeneous substrate. 5, [39] [40] [41] This inverse process is in fact a numerical method -which estimates the eff and eff from scattering parameters (S-parameters). It is important to note that this method relies on certain assumptions. The S-parameters, S 11 ¼ E R =E I (reflection) and S 21 ¼ E T =E I (transmission) should be less than one, jS 11 j < 1 and jS 21 j < 1, where E I , E R and E T are the incident, reflected and transmitted electric fields correspondingly. 25, [39] [40] [41] The impedance Z is assumed to be dependent on the effective permittivity and permeability only, 5, [39] [40] [41] and is given by
The phase of the EM wave must be continuous, and it provides the information of the length of propagation. The propagation constant can be extracted from the phase , and is also related to
where 0 is the propagation constant in the free space. Once Z and are estimated, one can determine eff and eff . The detailed procedure is described in Refs. 4, 5 and 39-41. Summing all the N electric dipoles (microscopic) can be effectively equivalent to the polarization (macroscopic view), P ¼ Np. Actually, polarization P measures the response of a material to the electric field E, and it is linked to the effective permittivity.
Polarization of Metallic Inclusions in a Host

Simulation Results and Discussions
Metallic cubic inclusions
Recalling our major objective is to increase the value of relative eff of the whole substrate, by inserting the silver (Ag) inclusions. The relative permittivity of the host is assumed to H ¼ 1:5 and lossless for simplicity. To validate the model, silver cubic inclusions are initially investigated. This also allows comparison with cuboid inclusions. As mentioned in Sec. 2, the sides (length) of the unit cell are L ¼ 10 À4 m, and the EM wave frequency is in the range of 1-50 GHz. Three sizes of silver cubic inclusions (Fig. 4) are selected with the sides 0:6 Â 10 À4 , 0:8 Â 10 À4 and 0:9 Â 10 À4 m. The volume fractions are 0:216, 0:512 and 0.729, respectively. The relative eff and eff of these configurations are shown in Fig. 4 . It is obvious that the eff rises, as the volume fraction of cubic inclusion increases. When the volume fraction is 0:729, the average value of eff is 14:634 þ 0:0005i (with a small complex component). The effective dielectric constant of the whole substrate is more than nine times of the dielectric host itself ( H ¼ 1:5). For the volume fractions 0:216 and 0:512, the average of eff (in the frequency range of 1-50 GHz) are 3:079 and 6:949 À 0:0001i, respectively. We also discover that the values of eff are almost flat with respect to the frequency. Therefore, it is reasonable to fix this at the frequency f ¼ 10 GHz, and to consider the change of eff to the volume fraction V r . Figure 5 shows that eff increases versus the volume fraction V r . The blue solid line stands for the cubic inclusions calculated by the Drude-Maxwell model. In the simulations, eff can even reach to 29:871 þ 0:0003i, with a volume fraction 0:857. We also apply the approximated Maxwell-Garnett formula (by Lewin) 10 for the spherical metallic inclusions, and it is plotted by red`*' in Fig. 5 . It is found that the metallic cubic and spherical inclusions provide the similar values of eff and eff , for the same volume fractions. In fact, metallic inclusions can offer a higher permittivity originating from the term of j=ð! 0 Þ in the DrudeMaxwell model. 25 With an applied E field, positive or negative charges (Q or ÀQ) accumulate near the upper or bottom edge of an inclusion in the unit cell, and these charges oscillate along with the field. Since the host is made of dielectric material, there is no actual current J flow from one cell to another. With silver inclusions (plenty of free charges), the dipole moment p ¼ Qh has been enhanced for a whole substrate, as well as the polarization P (and hence the effective permittivity). [17] [18] [19] 25 On the other hand, the effective permeability drops as the volume fraction V r increases 10 Figure 5 shows that eff even drops to 0:102 þ 0:0126i at V r ¼ 0:857. When the size of a cubic inclusion increases, the surface area becomes bigger at the same time. This leads to an increase of the rate of change of magnetic flux -which is directly proportional to the surface area. According to Lenz's law, the magnetization M is generated and opposes to the applied magnetic field H. As a result, the eff drops (Sec. 2.4). [23] [24] [25] 27 It is to remind that our task is to keep the values of permeability and permittivity as close as possible, in order to maximize the efficiency of the system. Therefore, our second objective is to optimize the relative eff and eff , by adjusting the dimensions and orientation of the cuboids. As we discussed in Sec. 2.2, the thin square cuboid is chosen in our simulation. This is because the thin layer can significantly reduce the induced eddy current J, in some orientations. Moreover, the square layer surface helps increase the (electric dipole moment) polarization. 23, 24 For silver, the relative permeability is approximately one (i.e., eff $ 1Þ. Our aim is to maintain the relative eff close to one, in the high frequency electromagnetic field.
Three orientations of cuboid inclusions
The electric and magnetic fields in heterogeneous material are not uniformly distributed throughout the substrate. Therefore, eff and eff are represented by 3 Â 3 tensor matrices. [17] [18] [19] For simplicity, we only evaluate the values of relative eff and eff , for three principal orientations, assuming the direction of fields is fixed (as shown in Fig. 6 ). The figure shows a single cuboid inclusion, with three specific orientations -for which the largest surface areas are perpendicular to the x-axis, z-axis and y-axis, respectively. As the unit cell is periodic, all the inclusions in the substrate are parallel to each other, and allocated in the same orientation. Figure 6 shows the cuboid inclusion in three orientations A, B and C. The dimensions of the inclusion are, 0:9 Â 10 À4 , 0:9 Â 10 À4 and 0:2 Â 10 À4 m, and thus the volume fraction is fixed at V r ¼ 0:162 (less than 20%). It is important to avoid inclusions touching each other, and prevent current flow between inclusions. We summarize the eff and eff of metallic cubic, and cuboid inclusions in orientations A, B and C, in Table 1 . The relative permittivity of the orientations A and C are A;eff ¼ 6:254 þ 0:0002i and C;eff ¼ 6:277 À 0:0003i, respectively; while it is only B;eff ¼ 1:873 in orientation B (Figs. 7-9 ). Compared to silver cubic inclusions, with the same volume fraction (length ¼ 0:545 Â 10 À4 m), the value of relative eff is 2:637 (Figs. 4 and 5) . It is obvious that the orientations A and C offer higher values of eff , than cubic and square cuboid inclusions in orientation B. Actually, the heights in the z-axis of inclusions in orientations A and C are 0:9 Â 10 À4 m, respectively; while the h is only 0:2 Â 10 À4 m in orientation B (Fig. 6) . As a result, the electric dipole moment (p ¼ Qh) in the orientations A and C are greater than in B, as shown in the simulations (where Q represents the induced charges near the edges of the inclusion). As mentioned previously (Sec. 2.4), the polarization P is the average value of all electric dipoles. The higher value of P would lead to the higher value permittivity eff in the system, and thus A;eff % C;eff > B;eff . The values of relative permeability are A;eff ¼ 0:822 þ 0:0029i, B;eff ¼ 0:824 þ 0:0029i and C;eff ¼ 0:417 þ 0:0095i, in orientations A, B and C, respectively (Figs. 7-9 ). Consider the case of cubic inclusions, with the same volume fraction (0.162), the relative eff is 0:757 þ 0:004i (Fig. 5) . In all cases, the relative eff is smaller than unity. value. The applied magnetic field H is pointing toward a lateral surface LS of an inclusion along the y-direction (Fig. 10) . The lateral surface (LS ¼ h Â w) of an inclusion is shown in Fig. 10 . Generally, the induced eddy current (change of total magnetic flux Á) is proportional to the lateral surface area. Note that eff is inversely proportional to the eddy current. 25, 27 So that the smaller the induced current, the larger the eff . The lateral surface area for orientations A and B is the same, 0:18 Â 10 À8 m 2 , so that they render a similar permeability A;eff % B;eff . Nevertheless, the lateral surface area LS in orientation C is 0:81 Â 10 À8 m 2 , and it provides a large opposing magnetic flux. As a result, the total magnetic field B has been reduced, and it causes further drop of the permeability C;eff . The complex part of C;eff is 0:0095i, and it is about three times higher than in orientations A and B. The loss from C;eff might originate from the large eddy current generated in the silver inclusion. It is also observed that the complex part of C;eff is slightly higher at . Two orientations of the metallic inclusions in y-z plane, and the applied magnetic field H points inward into the paper. The left figure shows that the orientation provides a larger lateral surfaces LS than the right one. With changing magnetic field H, the eddy current J is induced, which is proportional to the lateral surfaces LS. The J (from opposing magnetic field M) is in left diagram is larger than the right one, therefore, the eff in left one will be smaller than in the right one.
1 GHz than at 10 GHz. It is possibly related to the higher complex impedance at lower frequency. Therefore, the orientation A is the optimal choice both to obtain high permittivity and permeability. The loss tangents (tanðÞ) of both eff and eff in this orientation, are very small, in the frequency range of 1-50 GHz.
Conclusions
In summary, the shape, orientation and frequency, of the metallic inclusions in a dielectric host, have been theoretically investigated. The square layer (cuboid) with a thin thickness w has been chosen in this study. The three orientations A, B and C were compared. It is found that the orientation A offers the highest relative permittivity and permeability combination, which also give higher values than in cubic inclusions, with the same volume fraction (0.162). Orientation A is the direction of which the propagation arrow (x-axis) is perpendicular to the planar square surface (y-z plane) of the inclusion. The relative A;eff of a substrate has been increased significantly in orientation A (up to 6:254 þ 0:0002i) since the polarization (average electric dipole moment) is the highest. The relative A;eff can also reach 0:822 þ 0:0029i because the orientation A reduces the lateral surface area for generating eddy current. Besides, it is found that on the frequency range 1-50 GHz, the loss tangents are small in eff and eff . In future work, we will look for a even smaller inclusions which include quantum mechanical effects in the systems. 42, 43 
